We here examine the relation between odd-frequency spin-triple even-parity (OTE) Cooper pairs and anomalous surface magnetic response in time-reversal invariant (TRI) spin-triplet superfluids and superconductors. The spin susceptibility generally consists of two contributions: Even-frequency odd-parity pair amplitudes and odd-frequency even-parity pair amplitudes. The OTE pair amplitudes are absent in the bulk region, but ubiquitously exist in the surface and interface region as Andreev bound states. We here clarify that additional discrete symmetries, originating from the internal symmetry and point group symmetry, impose strong constraint on the OTE pair amplitudes emergent in the surface of TRI superfluids and superconductors. As a result of the symmetry constraint, the magnetic response of the OTE pairs yields Ising-like anisotropy. For the topological phase of the 3 He-B in a restricted geometry, the coupling of the OTE pair amplitudes to an applied field is prohibited by an additional discrete symmetry. Once the discrete symmetry is broken, however, the OTE pairs start to couple to the applied field, which anomalously enhances surface spin susceptibility. Furthermore, we extend this theory to TRI superconductors, where the corresponding discrete symmetry is the mirror reflection symmetry.
I. INTRODUCTION
Andreev bound states ubiquitously appear in inhomogeneous superconductors and superfluids including interfaces, surfaces, and vortices. The phase sensitive property has been utilized as a probe for the pair symmetry of host superconductors. 1, 2 In addition, it has recently been unveiled that Andreev bound states have multi-faceted properties as odd-frequency Cooper pair correlation and Majorana fermions, giving rise to a drastic change of fundamental physical phenomena.
Anomalous charge and spin transport, electromagnetic responses, proximity effects via Andreev bound states have been clarified in light of odd-frequency Cooper pairing. [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] In accordance with the Fermi-Dirac statistics, a wave function of Cooper pairs must change its sign after a permutation of two paired fermions. Then, as shown in Table I , the pairing symmetry in a single-band superconductor is categorized to the four-fold way when the inversion symmetry is preserved. Two of them are even-frequency spin-singlet even-parity (ESE) and evenfrequency spin-triplet odd-parity (ETO) pairings, which do not change the sign of Cooper pair wave function by the exchange of times of paired fermions. There still remain two possibilities of Cooper pair symmetries, odd-frequency spin-singlet odd-parity (OSO) and spintriplet even-parity (OTE) pairs. Although conclusive evidence of odd-frequency pairing in bulk materials has not been observed experimentally since the first prediction by Berezinskii, 19 OSO and OTE pair amplitudes emerge ubiquitously in spatially non-uniform systems through Andreev bound states and anomalous proximity effect.
Majorana fermions that are fermions equivalent to their own anti-particles are regarded as a special kind of Andreev bound states peculiar to topological superconductors and superfluids. One of the most distinctive characteristics of Majorana fermions is the Ising anisotropic magnetic response, Majorana Ising spins. [20] [21] [22] [23] [24] [25] [26] [27] Majorana Ising spins appear in the surface of time-reversal invariant (TRI) topological superconductors and superfluids, as a consequence of the chiral symmetry, 24, 26, 27 {H(k ⊥ ), Γ} = 0,
where the chiral operator Γ that is anti-commutable with the Bogoliubov-de Gennes Hamiltonian H(k) obeys Γ 2 = +1. The chiral operator Γ in Eq. (1) is constructed as a combination of the particle-hole symmetry and timereversal symmetry for TRI superconductors and superfluids. The chiral symmetry can be constructed by combining the operators of the particle-hole symmetry (C), time-reversal symmetry (T ), and a discrete symmetry (M), Γ = CT M. The chiral symmetry may be preserved even if each discrete symmetry is broken. 24, 26, 27 A promising platform for realizing Majorana Ising spins is the superfluid 3 He-B confined in a slab in which the chiral symmetry is preserved by a hidden order-two discrete symmetry even in the presence of a magnetic field. 24, 27 The other possible candidates have been proposed in topological crystalline superconductors including the E 1u scenario of the heavy-fermion superconductor UPt 3 , 25 a superconducting nanowire, 28 noncentrosymmetric superconductors, 29 and the superconducting topological insulator Cu x Bi 2 Se 3 . 30, 31 In particular, although conflicting experimental results have been reported in Cu x Bi 2 Se 3 , 31-36 a consistent understanding is given in Ref. 37 in the context of the topological odd-parity superconductivity with the Fermi surface evolution. The discrete symmetry M originates from an internal symmetry in the case of 3 He-B 24,27 and a crystalline symmetry in superconductors. 25, 26, 28 It has been widely accepted that the multi-faceted pictures of Andreev bound states as Majorana fermions and odd-frequency pairs are indispensable to understanding their anomalous contributions to magnetic responses, proximity effect, transport, and so on. In addition, a strong relation between the zero energy Majorana mode and odd-frequency pairing has been uncovered. [38] [39] [40] [41] [42] [43] It is now important to establish unified understanding on Majorana Ising spins and the appearance of odd-frequency pairs in topological superfluids and superconductors.
In this paper, we clarify the direct relation between odd-frequency Cooper pairs and Majorana Ising spins in TRI spin-triplet superfluids and superconductors. First, we derive the generic formalism for spin susceptibilities in TRI superconductors and superfluids in the frame of the quasiclassical theory. The spin susceptibility is separated to the contributions of ETO pairs and OTE pairs in the case of spin-triplet superconductors and superfluids. We here emphasize that a discrete symmetry originating from internal symmetry and crystalline symmetry imposes strong constraint on the Cooper pair symmetry emergent in a specular surface of TRI superfluids and superconductors. As a result of the symmetry constraint, the magnetic response of the OTE pairs yields Isinglike anisotropy. We also illustrate that once the OTE pairs are coupled to an applied field, they are responsible for anomalous enhancement of surface spin susceptibility, contrary to the contribution of ETO pairs. In this paper, special focus is placed on the surface spin susceptibility of the superfluid 3 He-B and superconductor UPt 3 as concrete examples. This paper is arranged as follows: In Sec. II, we summarize the discrete symmetries in the context of the quasiclassical theory. We also derive the generic formalism of spin susceptibility, which is applicable not only to superfluids but also to the surface region of superconductors in the type-II limit. For TRI superfluids and superconductors, the spin susceptibility consists of the contributions from ETO and OTE pair amplitudes. In Sec. III, we examine the role of a hidden discrete symmetry on the odd-frequency pairs and the anomalous anisotropy of surface spin susceptibility in the superfluid 3 He-B. In Sec. IV, the theory is extended to TRI spin-triplet superconductors preserving a mirror reflection symmetry, such as UPt 3 . The final section is devoted to conclusion and discussion. The details on the derivation of the gap equation in the presence of the dipole-dipole interaction are described in Appendix. Throughout this paper, we set = k B = 1 and the Pauli matrices τ µ in particle-hole space and σ µ in spin space. The repeated Greek indices imply the sum over x, y, and z.
II. SPIN SUSCEPTIBILITY AND ODD-FREQUENCY PAIRING
The zero-energy density of states and Cooper pairing induced by surface and vortices can be directly associated with discrete symmetries, such as the time-reversal symmetry, particle-hole symmetry, and crystalline symmetries. In Sec. II A, we summarize the discrete symmetries of the Bogoliubov-de Gennes (BdG) Hamiltonian H(k) and the quasiclassical propagator g. Subsequently, we clarify that such discrete symmetry imposes strong constraint on odd-frequency pairing and gives rise to anomalous magnetic response. In Secs. III and IV, we will illustrate the remarkable consequence of the odd-frequency pair amplitudes, that is the Ising spin susceptibility in TRI superconductors and superfluids.
A. Discrete symmetries in quasiclassical theory
Before going into the symmetries in the quasiclassical formalism, let us start with the brief review on discrete symmetries of a general BdG Hamiltonian, which play a crucial role on determining the topologically nontrivial properties of superconductors and superfluids. The BdG Hamiltonian in bulk superconductors is in general given as
where ε(k) and ∆(k) are 2 × 2 matrices in the spin space and we suppose ∆ T (−k) = −∆(k). It is seen that H(k) in Eq. (2) has the particle-hole symmetry
where C = τ x K with K being the complex conjugation operator converts the particle component of the quasiparticle wavefunction to the hole component and vice versa. In this paper, we consider TRI superfluids and superconductors, which yield Θ∆(k)Θ T = ∆(−k). The timereversal operator Θ is a unitary matrix and Θ 2 = −1. When we also suppose the absence of time-reversal breaking perturbation, Θε(k)Θ † = ε * (−k), the BdG Hamiltonian H(k) preserves the time-reversal symmetry,
In addition to such fundamental symmetry, the pair potential may hold the discrete rotational symmetry in spin and momentum spaces. 24 Specifically, the B-phase of bulk superfluid 3 He is invariant under the joint rotation of spin and orbital spaces SO(3) L+S . The π-rotation is then defined as a subgroup of the continuous symmetry group. In this case, we obtain U (π)∆(k)U T (π) = ∆(Rk) with the π-rotation operators U (π) in spin space and R in momentum space. For the case that U (π)ε(k)U † (π) = ε(Rk), the BdG Hamiltonian satisfies the π-rotational symmetry, 24, 27 
where
. It is also found that superconducting states retain the mirror symmetry if the pair potential is odd or even under the mirror reflection,
. 44 Here, we define the mirror operator, M = i(σ ·ô), whereô is the unit vector normal to the mirror plane. The mirror operator changes the spin σ → −σ + 2ô(σ ·ô) and the momentum k → k M = k − 2ô(k ·ô). When the normal state has the mirror symmetry, M ε(k)M † = ε(k M ), the BdG Hamiltonian holds the mirror reflection symmetry,
Note that even if each discrete symmetry is broken, the BdG Hamiltonian H(k) may still preserve a discrete symmetry constructed by combining some of discrete symmetries. The equilibrium properties of superfluids and superconductors are well describable with the quasiclassical theory, 45 which is reliable in T c0 ≪ T F (T c0 is the transition temperature of the bulk 3 He-B). The central object is the quasiclassical Green's functions g ≡ g(k, r; ω n ), which are obtained by integrating the Matsubara Green's function G over a shell
The normalization constant a corresponds to the weight of the quasiparticle pole in the spectral function and the Matsubara frequency is ω n = (2n + 1)πT with n ∈ Z. The full propagator is defined with the Nambu spinor of the fermionic field operators
with r ± ≡ r ± r 12 /2 and β −1 ≡ T . The quasiclassical propagator g that is a 4 × 4 matrix is parameterized with Pauli matrices in spin space σ µ as
Here, σ T µ denotes the transpose of the Pauli matrices σ µ . The off-diagonal propagators are composed of spinsinglet and triplet Cooper pair amplitudes, f 0 and f µ .
The quasiclassical propagator g ≡ g(k, r; ω n ) is governed by the Eilenberger equation,
with the normalization condition,
where we introduce
The term v in Eq. (11) consists of an external potential v ext and quasiclassical self-energy associated with Fermi liquid corrections ν, as v(k, r) = v ext (r) + ν(k, r), where
The quasiclassical propagators also satisfy the following relations arising from the Fermi statistics in Eq. (9),
It is important to mention that the normalization condition, gf = −fḡ andḡf = −f g, leads to the relation,
The discrete symmetries which are preserved by the BdG Hamiltonian are extended to the quasiclassical formalism, which add constraint on the quasiclassical propagator. First, the particle-hole symmetry in Eq. (3) is recast into
This symmetry can be obtained from the basic relations of the quasiclassical propagator in Eqs. (15) and (16) . For time-reversal invariant superconductors and superfluids which yeild Θ∆(k)Θ T = ∆(−k), the time-reversal symmetry is
where we also suppose that v does not contains the timereversal breaking term. Similarly, the π-rotational symmetry in Eq. (5) and mirror symmetry in Eq. (7) are recast into
and
We will show in Secs. III and IV that these discrete rotational symmetries add a strong constraint to Cooper pairings induced in a specular surface and give rise to the Ising anisotropy of surface spin susceptibility.
B. Spin susceptibility in quasiclassical thory
We here derive the generic form of the magnetization density M µ (r) for superfluids under a spatially uniform magnetic field H = Hĥ. In this situation, the potential term v(k, r) in the quasiclassical equation (11) is composed of a magnetic Zeeman field and quasiclassical self-energies ν,
where F a 0 is the Fermi liquid parameter associated with the enhancement of spin susceptibility and µ n is the magnetic moment of 3 He nuclei. 46 In the quasiclassical formalism, the magnetization density is given by 24, 27, 45, 47 
This is also applicable to the surface region of superconductors in the type-II limit where the surface region within the coherence length ξ is much thinner than the penetration depth of the external field. For superconductors, µ n in Eqs. (22) and (23) is replaced to the Bohr magneton µ B and the applied field H is replaced to the internal field B. In Eq. (23), we introduce the average over the Fermi surface
is the total density of states at the Fermi surface in the normal state and the Fermi velocity at
The quasiclassical propagator must satisfy a constraint given in Eq. (12) which requires the propagators to hold the relation, g µ = (f 0fµ +f 0 f µ + iǫ µνη f νfη )/2g 0 . This relates the spin component of quasiclassical propagators to spin-singlet and -triplet Cooper pair amplitudes. Using the relation and the symmetries in Eqs. (15), (16) , and (17), the magnetization density in Eq. (23) reduces to
This indicates that only the mixing term of spin-singlet and triplet Cooper pair amplitudes contributes to the spin susceptibilities. This expression is a quite generic form for M µ (r) in superfluids and also applicable to the surface region of type-II superconductors. This was first derived in Ref. 48 for the aerogel-superfluid 3 He-B system.
C. Odd-frequency pairs and spin susceptibility
In general, the Cooper pair amplitudes are separated to even-frequency and odd-frequency components,
, where even-and oddfrequency pair amplitudes are defined as (j = 0, x, y, z)
In the case of spin-triplet superconductors and superfluids, ETO components f Table I , however, the translational symmetry breaking due to a surface boundary condition and vortices, induces OTE components f OF µ even in the zero field limit. 1, 7, 38, [49] [50] [51] Note that the OTE Cooper pair amplitudes f OF µ are associated with the lowenergy density of states originating from the surface Andreev bound states. 40, 41 Furthermore, at the zero energy limit, f OF µ is equivalent to the Majorana zero modes.
38,39
We now clarify the relation between OTE Cooper pairs and spin susceptibility in spin-triplet superfluids and superconductors. We here deal with a magnetic Zeeman field perturbatively in parameter, µ n H/∆ ≪ 1. Then, we formally expand g 0 , f 0 , and f µ in powers of
µ + · · · . At zero fields, TRI superfluids and superconductors hold the time-reversal symmetry (19) . Combining the symmetric property in Eq. (19) with Eqs. (15), (16) , and (17), therefore, one finds
Substituting all these in Eq. (24) and using the symmetry in Eq. (27) , one finds that the spin susceptibility χ ≡ h µ χ µνĥν is composed of the contributions of odd-and even-parity Cooper pair amplitudes,
The spin susceptibility tensor χ µν is defined as M µ = χ µν H ν . The odd-parity contribution χ OP (z) is given by the mixing term of the OSO pair amplitude f OF 0 and the ETO pair f EF ,
The even-parity contribution χ EP (z) is given by the mixing term of the ESE pair amplitude f EF 0 and the OTE pair f OF ,
This indicates that the spin susceptibility is separated to the contributions from odd-parity Cooper pair amplitudes, χ OP , and even-parity pairing, χ EP , which mix the field-induced spin-singlet pairing f In this section, we consider the spin susceptibility in the B-phase of spin-triplet superfluid 3 He confined in a restricted geometry. The geometry is illustrated in Fig. 1 . As shown in Eqs. (29) and (30) , the spin susceptibility in TRI superfluids is determined by the pair amplitudes in the absence of a magnetic field, f (0) µ . In particular, we will show that the OTE pairing, f (0)OF µ plays a key role. It is also clarified that the discrete symmetries add a strong constraint on the emergent pair amplitudes f (0) µ at surfaces, which gives rise to Ising anisotropy of surface magnetic response.
A. Symmetry and odd-frequency pairings at zero fields
We start by summarizing the remaining discrete symmetry in superfluid 3 He-B confined in a slab geometry. The symmetry group relevant to the normal 3 He in the bulk is given as
where SO(3) S and SO(3) L denote the three-dimensional rotational symmetry in spin and coordinate spaces, and T and C are the time-reversal and particle-hole symmetries, respectively. The bulk B-phase retains H = SO(3) S+L × T × C, which is the maximal subgroup of G. The degeneracy space is characterized with the relative rotation 
where the d-vector of the B-phase is given by
where R µν ∈ SO(3) S−L and we omit the U(1) phase for simplicity. The rotation axisn, the angle ϕ, and the order parameter amplitudes ∆ µ are obtained as the selfconsistent solution of the quasiclassical equation coupled with the gap equation and Fermi liquid corrections. Thê n-texture is supposed to be spatially uniform, which is forced by the confinement. The specular surfaces at z 0 = 0 and D impose the quasiclassical propagators on the boundary condition,
wherek ≡k − 2ẑ(ẑ ·k) is the momentum specularly reflected by the surface. The confinement in Fig. 1 reduces SO(3) L to SO(2) Lz that is the rotational symmetry about the surface normal axis. The symmetry group in normal 3 He confined in this geometry is
The pair potential relevant to this situation is given with
where without loss of generality, we set ∆ ∈ R and ∆ ⊥ ∈ R. In such a geometry, the B-phase is still invariant under the simultaneous rotation in spin and orbital spaces about the surface normal axis, H slab = SO(2) Sz +Lz × T × C, where the SO(2) S+L symmetry is expressed as
where (O) µν ≡ R µν (ẑ, φ) denotes the rotational matrix about theẑ-axis by any angle φ. The 2 × 2 matrix in spin space, U (φ), is the corresponding rotational matrix in spin space and is defined as
The π-rotational symmetry U (π) in Eq. (5) is defined as the subgroup of SO(2) Sz+Lz , U (π) ≡ U (φ = π). This imposes the additional discrete symmetry on the quasiclassical propagator as shown in Eq. (20) ,
Combining this with the boundary condition in Eq. (32) and the relation in Eq. (16), one obtains the relation between g(ω n ) and g(−ω n ) at the surface z = z 0 as
It is convenient to introduceg (0) obtained by the unitary transformation of the original quasiclassical propagator as
The propagatorg (0) obeys the quasiclassical equation
. This is equivalent to Eq. (11) in the case ofn =ẑ and ϕ = 0. Then, Eq. (37) imposes the constraint on the pair amplitudesf µ at the surfaces as
where (f
results from the SO(2) Sz+Lz symmetry. It turns out from Eq. (39) that at the surface, onlyf z has odd-frequency Cooper pairs at the surfaces and the even-frequency Cooper pairs survive only inf . By using this notation, the pair amplitudes
Hence, the additional discrete symmetry in Eq. (36) ẑ. In Sec. IV, this conclusion will be extended to pair amplitudes in superconducting states with mirror reflection symmetries.
B. Ising spin anisotropy
Substituting Eqs. (40) and (41) into Eqs. (29) and (30) , the spin susceptibility in Eq. (28) is recast into the following form:
The contributions from odd-parity and even-parity pair amplitudes are given as
Here, we introduce the unit vector,l µ (n, ϕ)
23,24,27,47
where φ ℓ = tan −1 (l y /l x ) is the azimuthal angle ofl.
The OTE Cooper pair at zero fields,f
, is equivalent to the low-energy surface density of states within |E| ∆ 0 ,
which is always induced by the translational symmetry breaking at the surface. The surface density of states has poles at the energy
that is the dispersion of the surface bound states. In accordance with Eq. (46), the contributions from the surface bound states are contained byχ OP . Althoughχ OP is finite, the coupling of the OTE pairing with the applied magnetic field at the surface is parameterized bŷ ℓ z (n, ϕ). Equation (42) is one of the main results in this paper. This indicates that only the OTE pairs contribute to the surface spin susceptibility whenl z = 0, while χ forl z = 1 is composed of only the ETO Cooper pairs,
In the case of bulk superfluid 3 He-B, since the OTE pairing is absent, the spin susceptibility is given as χ = χ N + χ OP , where χ OP < 0 suppreses the spin susceptibility. In contrast, the spin susceptibility contributed from the OTE pairs, χ EP , is expected to increase the spin susceptibility, which comes up to χ > χ N .
17 As we will discuss below, there is the critical magnetic field beyond whichl z becomes nonzero and the OTE pair contribute to the surface spin susceptibility. For 3 He-B in a slab geometry, then-texture and the angle ϕ are determined by the applied magnetic field, the dipole-dipole interaction arising from the magnetic moment of nuclei, and surface boundary condition. This indicates thatl z depends on an applied magnetic field. Let us supposen =ẑ that is favored by the dipole-dipole interaction and specular surface boundary condition in a slab geometry. Then, one findsl z (n =ẑ, ϕ) = cos θ H for a magnetic field H ·ẑ = H cos θ H . This configuration of then-texture gives rise to the Ising anisotropy of the spin susceptibility,
This indicates that for a magnetic field parallel to the surface (θ H = π/2), although the OTE pairings exists at the surfaces, it does not couple to the applied field. The resultant spin susceptibility is contributed from only the ETO pairing, which stays about the same as that in the bulk. The OTE pairing contributes to the surface spin susceptibility when the applied field is tilted from the surface normal direction orl z is nonzero. The z-component of the unit vector,l z (n, ϕ), has the another physical meaning that it is associated with non-trivial topological superfluidity of the B-phase under a magnetic field. 24, 27 Since the magnetic field term in Eq. (22) explicitly breaks the rotational symmetry in spin space as well as the time-reversal symmetry, the symmetry group of the normal 3 He in a restricted geometry under a magnetic field is reduced to G slab,H = SO(2)
Then, the BdG Hamiltonian of the B-phase is no longer invariant under the π-rotational symmetry, U (π)H(k)U † (π) = H(−k). For ℓ z = 0, however, the B-phase still holds the hidden Z 2 symmetry, H slab,H = Z 2 × C. The BdG Hamiltonian is invariant under the discrete transformation given by the combination of the time-conversion operator T and the π-rotation U (π),
Combining the particle-hole symmetry in Eq. (3) with the hidden Z 2 symmetry, the chiral symmetry is preserved in the momentum space along the k z -axis. As a consequence,l z = 0 ensures the nontrivial one-dimensional winding number,
where the chiral operator is defined as Γ = C T U(π).
According to the bulk-edge correspondence proven in Ref. 52 , the winding number w gives the number of the zero energy states. The chiral symmetry and nonzero winding number are responsible for the Ising anisotropy of surface spins, 24, 27 which implies that the surface spin operator S surf always points to theẑ-direction, S surf = (0, 0, S z surf ). The Ising spin nature of surface spins is contained in the spin susceptibility (49) obtained from the perturbative analysis.
Whenl z becomes nonzero, however, the Z 2 symmetry is no longer held and thus the B-phase undergoes a phase transition to the non-topological phase, where the hidden Z 2 symmetry is spontaneously broken by the nonzerol z . 24, 27 The nonzerol z also destroys the Ising character of surface spins and the magnetic response becomes isotropic.
C. Ginzburg-Landau regime
To capture the essential part of the relation between the surface spin susceptibility and emergent Cooper pairs, we here explicitly solve the quasiclassical Eilenberger equation (11) within the Ginzburg-Landau approximation. In the Ginzburg-Landau regime near T c0 , we may replace the diagonal component of the quasiclassical operator g to the normal-state propagator g N = −iπsgn(ω n ). For simplicity, the pair potential is assumed to be spatially uniform. In addition, we formally expand the anomalous propagator f and the d-vector d in powers of the applied field:
We first solve the equation with H = 0 and then the finite field corrections are obtained, order by order of (µ n H/∆ 0 ). In the zero field, it is obvious that the spin-singlet pair amplitudes are absent, that is, f (0) 0 = 0. We also note that the spatially uniform pair potential is distorted by order (µ n H/∆ 0 ) 2 and we neglect d (1) . The pair potential at zero fields preserves the SO(2) Lz+Sz symmetry, which is given in Eq. (33) . The Cooper pair amplitudes at zero field are obtained by solving the equation forf (0) ,
and forf
Using the specular boundary conditions at z = 0 and z = D, one obtains the ETO pair amplitudes at zero field asf
where we have introduced λ = v F | cos θ k |/2|ω n |. The OTE component emerges in the surface region as
and f OF(0) = 0.
The ESE and OSO pair amplitudes are induced by the linear Zeeman corrections. The field-induced spin-singlet pair amplitudes are governed by the following equation that are obtained from Eq. (11),
The magnetic Zeeman term is parameterized by the topological orderl z and the effective Lamor frequencyω L is defined asω L = 2µnH 1+F a 0 . Solving the equation shown above, one finds that the ESE Cooper pair amplitude is induced at the surface z = 0 by the magnetic Zeeman field as
while the OSO pair amplitude does not appear at the surface, f
OF(1) 0
(k, 0; ω n ) = 0. It is also found that the intensity of the ESE Cooper pair amplitude in the central region of the system (z ≈ D/2) exponentially decreases with increasing D/λ. Therefore, the ESE pair amplitude that are induced by the linear Zeeman corrections is localized in the surface region.
For D ≫ λ, the OTE and ESE pair amplitudes emergent at the surface are simplified as
Substituting these expressions of OTE and ETO pair amplitudes into Eq. (44), one obtains the first order correction to the even-parity Cooper pair contribution as
where ζ(3) is the Riemann zeta function. This clearly shows that the even-parity Cooper pairs carry the paramagnetic response χ is absent in the Ginzburg-Landau regime. To this end, the surface spin susceptibility in the superfluid 3 He-B is anomalously enhanced by the coupling of emergent OTE Cooper pairs to the field-induced ESE pair as
This implies that although the OTE pair amplitudes always exist in the surface of ETO superconductors and superfluids and yield paramagnetic response, they do not necessarily couple to the applied magnetic field. The topological orderl z that is associated with the spontaneous breaking of the hidden Z 2 symmetry determines the contribution of odd-parity Cooper pairs to the surface spin susceptibility.
D. Numerical results
In the previous subsection, it has been clarified that the surface spin susceptibility is parameterized byl z (n, ϕ) as shown in Eq. (42) . The quantityl z quantifies the coupling of the OTE pairing with the applied field, leading to the Ising spin susceptibility and the zero value ensures that the B-phase stays in the symmetry protected topological phase with a gapless Majorana cone. However, the value ofl z (n, ϕ) in equilibrium is determined by minimizing the thermodynamic potential.
We here numerically evaluate the surface spin susceptibility with self-consistent solutions. For this purpose, we solve the closed set of self-consistent equations, composed of the quasiclassical equation (11) for the quasiclassical propagators g(k, r; ω n ), and the equations for quasiclassical self-energies ν(k, r) and the pair potential ∆(k, r). The pair potential is determined by the following gap equation with the quasiclassical propagators,
The pair interaction consists of the isotropic p-wave interaction channel with the coupling constant g and the anisotropic part originating from the dipole-dipole interaction between 3 He nuclei. The dipole interaction, which reduces the SO(3) S × SO(3) L symmetry to SO(3) L+S , plays a crucial role on the topological phase transition induced by a parallel magnetic field. 24 The details on the derivation of the gap equation are described in Appendix.
The quasiclassical self-energies ν 0 and ν µ are associated with the quasiclassical Green's functions g as
is expanded in terms of the Legendre (65) and the OTE pair amplitude |Imf OF z (k, z = 0; E)| at the surface z = 0, respectively. Here, we set T = 0.2T c0 and µ n H = 0, wherel z = 0. It is clearly seen that there exists the gapless surface bound state with the dispersion E(k ) = ∆ 0k , which is called the Majorana cone, wherek = k2
x +k 2 y is the momentum in the surface. The momentum dependence of the OTE pairing traces N (k, z; E), which indicates that the surface density of states is equivalent to the OTE pair amplitude, described in Eq. (46) . We also find f OF x = f OF y = 0, which is consistent to Eq. (41) .
The field-dependence of the surface spin susceptibility at T = 0.2T c0 is plotted in Fig. 2(c) . It is found that the topological phase transition occurs at H c = 0.001πT c0 /µ n ∼ 30G below which the dipole interaction favorsl z = 0 and the Z 2 symmetry is preserved even in the presence of the magnetic field. This is the topological phase with w = 2 protected by the Z 2 symmetry. At the critical field H = H c , sincel z becomes nonzero, the B-phase undergoes the spontaneous breaking of the Z 2 symmetry which triggers the topological phase transition without closing the bulk energy gap. It turns out from Fig. 2(c) that the topological phase transition is accompanied by the anomalous enhancement of the surface spin susceptibility. Figure 2 (c) numerically confirms the prediction obtained from the argument of the discrete symmetry in Sec. II C. The surface spin susceptibility is divided into two contributions, χ = 1 + χ EP + χ OP , where χ EP and χ OP are the contribution from the even-parity and oddparity pair amplitude, respectively. The behavior of the contribution from the ETO pairing, χ OP , is understandable with the orientation of the d-vector at the surface, becauseĥ · f EF(0) contained in χ OP indicates that the d-vector at the surface is parallel to the applied field for ℓ z = 0 and d · d = 0 forl z . Therefore, the contribution of the ETO pairing reduces the spin susceptibility, compared with that in the normal 3 He and the resultant value of χ OP is expected from the Yosida function, χ = 1 + χ OP ≈ χ bulk . However, as thel z deviates from zero (i.e., H > H c ), the ETO pair amplitude tends to yieldĥ · f EF = 0, corresponding to the situation that the d-vector at the surface is normal to the applied field. Thus asl z approachesl z = 1, the spin susceptibility from the ETO pairing becomes zero (χ OP → 0). It is seen from Fig. 2(b) that there exist the OTE pairings in the symmetry protected topological phase witĥ ℓ z = 0 (i.e., H < H c ). Although the OTE pairings are responsible for the anomalous proximity effect, 40,48 they can not be coupled to the applied field,ĥ · f OF = 0 as shown in Eq. (41) . In the non-topological phase witĥ ℓ z = 0, however, the OTE pairing contributes to the spin susceptibility.
As seen in Fig. 2(c) , in contrast to χ OP , the OTE pairings (χ EP ) originating from the low-lying surface states enhance the spin susceptibility and the resultant spin susceptibility at the surface exceeds χ N . We illustrate in Fig. 3 the temperature dependence of the spa-
H = 0.009πT c0 corresponding to the non-topological phase. As discussed in Ref. 47 , the T -dependence of χ in 3 He-B confined to a slab exhibits the non-monotonic behavior where there exists a critical temperature below which χ increases as T decreases. We now identify that the increase of χ in the low temperature regime of the non-topological phase reflects the coupling of the OTE pairing with the applied field, which in the topological phase with H < H c χ monotonically decreases as T decreases. Hence, the anomalous behavior of the spatially averaged spin susceptibility is understandable with the concept of the odd-frequency even parity pairing, which may be observed in NMR experiments.
IV. TOPOLOGICAL CRYSTALLINE SUPERCONDUCTORS
In Secs. II and III, we have developed the theory on the relation between odd-frequency pairing and anomalous magnetic response of time-reversal invariant superfluids. In this section, we now extend this theory to time-reversal invariant superconductors that preserves the mirror reflection symmetry. We first summarize the consequence of the mirror reflection symmetry that imposes constraint on the Cooper pair amplitudes emergent in the surface.
A. Mirror reflection symmetry and Ising spin anisotropy
Let us first suppose a topological crystalline superconductor that retains the mirror symmetry. The pair potential is even or odd under mirror reflection,
The mirror reflection operator M and the mirror reflected momentumk M have been introduced in Sec. II A. We here consider the configuration of the specular surface and mirror reflection plane as displayed in Fig. 4 , where the unit vectors,ô andŝ, are normal to the mirror plane and surface, respectively, and we setô ⊥ŝ. The distance from the specular surface is denoted by r s ≡ r ·ŝ. The mirror symmetry in Eq. (66) topologically protects the zero energy states that are bound to the surface of TRI spin-triplet superconductors. For a superconducting state that retains the mirror symmetry (66), the BdG Hamiltonian H(k) satisfies the discrete symmetry in Eq. (6) . Combining the mirror symmetry M η with the time-reversal symmetry T and particle-hole symmetry C, we have the mirror chiral symmetry 25, 27, 28 {Γ,
where k 0 is defined as The mirror chiral symmetry enables us to define the onedimensional winding number,
where we set k s ≡ k ·ŝ and
The nontrivial value of the winding number ensures the existence of topologically protected zero energy states for the momentum k m. As clarified in Sec. III and Refs. 38-43, the topologically protected zero modes are identical to odd-frequency Cooper pair amplitudes.
We now derive the relation between f (ω n ) and f (−ω n ) at the surface r s = 0 from the mirror symmetry that imposes the relation (21) on the quasiclassical propagator. In the case of the 3 He-B, the relation is obtained in Eq. (36) from the π-rotation in the spin space. The spin rotation symmetry may be absent in the case of superconducting states, while the mirror symmetry arising from the crystalline symmetry can be preserved. Using the mirror symmetry (21) and boundary condition (32) with Eq. (16), one obtains the relation
We have introduced the momentum scattered by the surface and mirror planek Ms =k M − 2ŝ(ŝ ·k M ). The constraint imposed by the mirror symmetry is then recast into
This restricts the component of ETO and OTE pair amplitudes emergent in the surface of TRI spin-triplet superconductors.
Let us now focus on a particular segment in the momentum space,k m and |k m | < k F , in which the topologically protected Fermi arc and odd-frequency pair amplitudes exist. This momentum segment is invariant under the mirror reflection and scattering at the surface, k Ms =k. Using the relation Eq. (72) and focusing on the momentum segmentk =k mm , one obtains the explicit form of ETO pair amplitudes for the particular region of momentum as
where we set f 0; ω n ) . Similarly, the OTE pair amplitude is obtained from Eq. (72) as
The ETO and OTE pairs emergent on the surface exhibit strong anisotropy, since the projection of f EF and f OF onto the mirror normal axisô is determined by the parity of ∆(k, r) under the mirror reflection, η:
This implies that for η = + (η = −), the OTE pair amplitude is forced by the mirror reflection symmetry to be parallel (perpendicular) to the mirror normal axis, o f OF (ô ⊥ f OF ). We illustrate that the anisotropy of the emergent ETO and OTE pairs is responsible for the anisotropic magnetic response on the surface. The generic form of the surface spin susceptibility in Eq. (28) with Eqs. (29) and (30) is rewritten to
where the applied field is parallel to the mirror normal axis,ĥ ô. We here neglect the contributions from the momentum space ofk ⊥m. In the case ofĥ ⊥ô where the applied magnetic field lies in the mirror plane, the surface spin susceptibility is recast to
As discussed in Sec. III, the contribution from ETO pairs, χ EP , are always negative and suppresses the spin susceptibility relative to χ N . This behavior is understandable with the orientation of the d-vector to the applied field. In contrast, χ EP is associated with the OTE pairs and anomalously enhances the surface spin susceptibility from that of the normal state. Equation (77) and (78) indicate that the contributions of ETO and OTE pairs to the spin susceptibility are determined by the parity of the mirror reflection symmetry, η, introduced in Eq. (66) . Hence, it is from Eqs. (77) and (78) that a TRI spintriplet superconductor may exhibit anomalous magnetic response, when a mirror symmetry is preserved and the OTE pair amplitudes emerge on the surface.
B. Application to the E1u scenario of UPt3
Let us now consider the E 1u scenario of the heavyfermion superconductor UPt 3 as a prototype of topological crystalline superconductors. 25, 55, 56 In the E 1u state, the orbital part of the pair function in the B-phase that appears in the low temperature and pressure region is isotropic in the a-b plane. The d-vector is given by the d-vector as 55, 56 d(k, r) = ∆ 1 (r)λ ab + ∆ 2 (r)λ bâ ,
for the lower field H < H rot and
for the higher field regime H > H rot of the B phase, where we introduce λ a,b =k a,b (5k 2 c − 1) withk a ≡k ·â, k b ≡k ·b, andk c ≡k ·ĉ. The gap function on threedimensional Fermi sphere is displayed in Fig. 5 . The E 1u scenario was proposed to understand the rotation of the d-vectors in the Knight shift measurement for H c, 57, 58 and is in good agreement with the recent measurement of the thermal conductivity that observes the spontaneous breaking of two-fold rotational symmetry in the C phase. Another candidate of the order parameters of UPt 3 has been proposed to be d(k) =ĉ(k a ± ik b ) 2k c in the B phase. 59, 60 Since this pairing state spontaneously breaks the time-reversal symmetry, the present argument based on the time-reversal symmetry and the crystalline symmetry is not applicable and the Ising spin anisotropy of the surface bound states is absent.
In the E 1u state, the configuration of both the dvectors in Eqs. (79) and (80) holds the mirror reflection symmetry with respect to the a-c plane,
which corresponds to the case of η = + in Eq. (66) . As shown in Fig. 5 , the point nodes lie on the mirror plane. The mirror operator is defined as M = iσ b . This situation corresponds toô =b and we set a specular surface to be normal toŝ =â. The mirror symmetric Hamiltonian of the UPt 3 -B,
holds the chiral symmetry in Eq. (67) . Using this Hamiltonian, the one-dimensional winding number (69) is evaluated as
The bulk-edge correspondence ensures the existence of the zero-energy Majorana valley two point nodes, i.e., E surf (k) = 0 for |k c | < k F and k ĉ. Therefore, as shown in Fig. 5 , the topologically protected Fermi arc appears in the surface of the E 1u state of the heavyfermion superconductor UPt 3 -B.
As a generic consequence of the mirror chiral symmetry, the topologically protected Fermi arc is responsible for the Ising anisotropic magnetic response that the surface bound states are gapped only by a magnetic field along the k b -axis (k b ≡ k ·b). 24, 25, 27 This is understandable with the emergence of OTE pairing on the surface as discussed in Sec. IV A. It is obvious from Eq. (76) that forô =b and η = +1, the OTE pairing emergent on the surface is restricted by the mirror reflection symmetry as
when a magnetic field is absent. Similarly, the ETO pairing normal to the mirror reflection plane vanishes on the surface, f EF ·b = 0. The anisotropy of the emergent ETO and OTE pairings is responsible for the anisotropic spin susceptibility. The surface spin susceptibility contributed from the topologically protected Fermi arc is obtained from Eq. (77) as
forĥ b . The anomalous enhancement of the surface spin susceptibility is attributed to the contribution of odd-frequency Cooper pairs. In contrast, the surface spin susceptibility is suppressed
as long as the applied field lie in the mirror plane (ĥ ⊥b). The OTE pairing emergent on the surface is not coupled to the applied field, since f OF ·ĥ = 0 and only the ETO pairing is responsible for the magnetic response. Since one of the d-vector is parallel to the applied field, the surface spin susceptibility is rather suppressed from χ N . Hence, the topologically protected Fermi arc in the E 1u state of the UPt 3 -B possesses the Ising-like anisotropic magnetic response.
Finally, to confirm the generic argument on emergent odd-frequency and Ising spin susceptibility, we here explicitly solve the quasiclassical equation (11) for thê d = λ ab + λ bâ state. Since the equation is blockdiagonalized to the spin-up and down sectors, the quasiclassical propagator can be reduced in the Nambu space to
Here, for simplicity, we neglect the Fermi liquid correction term, ν = 0. The quasiclassical equation for f 1 , f 2 , and g is then obtained as
The homogeneous differential equation with constant coefficients can be solved for a semi-infinite system with the specular boundary condition,
by using the procedure developed in Refs. 61,62. For thed = λ ab + λ bâ state, the quasiclassical propagator g 0 (k, a; ε) for ε ∈ C is obtained as
where we set v a = v F cos(α) with α ∈ [−π/2, π/2]. We have here introduced
where |d(k)| = d(k, a = ∞) denotes the excitation gap in the bulk. The poles of the retarded propagator g R 0 (E) = g 0 (ε → E + i0 + ) appear on the real axis
This is the dispersion of the surface bound states, which is displayed in Fig. 5 . The zero energy flat band appears for k b = 0 and |k c | < k F as expected from the winding number in Eq. (83).
The quasiclassical propagator still has non-zero components,
This component of the propagator responsible for the spin current flow in the equilibrium is localized in the surface for the low-energy states |ε| < |d(k)| but extended to the bulk for |ε| > |d(k)|. The anomalous propagator,
and f
c (k, a; ε) = 0. Hence, at the surface a = 0, one finds
(k, a = 0; ω n ) = 0. This is consistent with Eq. (84) that is obtained from the generic argument based on the mirror symmetry.
The emergent OTE pair amplitude is identical to the zero energy density of states on the surface. The momentum resolved density of states defined in Eq. (65) 
where N (k, E) = |d(k)| 2 − E 2 . Hence, the zero energy states protected by the mirror symmetry are equivalent to the OTE pair amplitude. The zero energy density of states on the surface is responsible for the Ising anisotropy of the surface spin susceptibility.
V. CONCLUSIONS
In this paper, we have examined the role of an ordertwo discrete symmetry on emergent Cooper pair amplitudes and magnetic response in time-reversal invariant spin-triplet superfluids and superconductors. We have first derived in Eq. (28) the general form of spin susceptibility within the quasiclassical formalism, which is composed of the contributions from the odd-parity pairing and even-parity pairing, χ OP and χ EP . The former is associated with ETO pair amplitudes that exist in the bulk region, while the latter is the contribution from the odd-frequency Cooper pair amplitudes that emerge in the surface region as Andreev bound states. The odd-parity contribution χ OP ≤ 0 is understandable with the orientation of the d-vector to the applied field. In contrast, the coupling of even-parity Cooper pair amplitudes to the applied filed gives rise to the anomalous enhancement of the spin susceptibility, χ EP . From generic argument based on the symmetry and topology of the Bogoliubovde Gennes Hamiltonian, we have clarified that an ordertwo discrete symmetry preserved by the Hamiltonian imposes a strong constraint on the spin state of emergent Cooper pair amplitudes at the surface, resulting in the Ising-like anisotropy of surface spin susceptibility.
As promising examples of time-reversal invariant topological superfluids and superconductors with an ordertwo discrete symmetry, we have focused on the superfluid 3 He-B in Sec. III and heavy-fermion superconductor UPt 3 in Sec. IV. The discrete symmetry in the former (latter) system originates from the π-rotation of spin and orbital spaces (mirror reflection symmetry). We have illustrated in Sec. III B that in the case of 3 He-B, the spin state of the emergent Cooper pair amplitudes is associated with the topological orderl z that characterizes the topological superfluidity of the 3 He-B. In the symmetry protected topological phase withl z = 0, the emergent OTE pairing is not coupled to the applied field by the order-two discrete symmetry and the surface spin susceptibility results in χ = χ N + χ OP < χ N . Forl z > 0, however, the OTE pairing is forced to couple to the applied field, which is responsible for a large paramagnetic response as χ = χ N + χ EP > χ N . By numerically solving the quasiclassical equations, it is shown that there is the critical field beyond which the surface spin susceptibility is anomalously enhanced. This anomalous behavior is attributed to the OTE pairing enforced by the order-two discrete symmetry. The anomalous spin susceptibility is detectable with the NMR measurement in 3 He-B confined in a slab geometry under a parallel magnetic field. 47 We have also illustrated that owing to the mirror reflection symmetry, the E 1u state 25, 55, 56 of the UPt 3 -B yields the Ising-like anisotropy of the surface spin susceptibility. The anisotropic magnetic response protected by the mirror symmetry is not observed in the E 2u state that is another possible scenario for the UPt 3 -B. 59, 60 Since the E 2u state spontaneously breaks time-reversal symmetry, in the case of the E 1u state, the tunneling conductance might be sensitive to the tilting angle of the magnetic field from the mirror reflection plane. This theory is applicable to the A 1u and E u states of Cu x Bi 2 Se 3 that are the three-dimensional topological superconducting state preserving the mirror reflection symmetry. 30, 31 In this pa-per, however, we do not take account of the magnetic field effect coupled to the orbital motion of electrons. Full understanding of the tunneling conductance in the UPt 3 -B still remains as a future problem. 
